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Abstract: The nonlinear frequencies of pre-stressed graphene-based structures, such as flat
graphene sheets and carbon nanotubes, are calculated. These structures are modeled with a
nonlinear hyperelastic shell model. The model is calibrated with quantum mechanics data and
is valid for high strains. Analytical solutions of the natural frequencies of various plates are
obtained for the Canham bending model by assuming infinitesimal strains. These solutions are
used for the verification of the numerical results. The performance of the model is illustrated by
means of several examples. Modal analysis is performed for square plates under pure dilatation
or uniaxial stretch, circular plates under pure dilatation or under the effects of an adhesive
substrate, and carbon nanotubes under uniaxial compression or stretch. The adhesive substrate
is modeled with van der Waals interaction (based on the Lennard-Jones potential) and a coarse
grained contact model. It is shown that the analytical natural frequencies underestimate the
real ones, and this should be considered in the design of devices based on graphene structures.
Keywords: Carbon nanotube (CNT); circular and square graphene plates; hyperelastic shell
model; nonlinear finite elements; nonlinear frequencies.
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𝒮0 reference configuration of the manifold
𝒮 current configuration of the manifold
𝑏𝛼𝛽 co-variant components curvature tensor of 𝒮
𝐸(0) logarithmic surface strain
𝐸
(0)
dev deviatoric part of the logarithmic strain
Γ𝛾𝛼𝛽 Christoffel symbols of the second kind
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𝜅 Gaussian curvature of 𝒮
𝜅1, 𝜅2 principal curvatures of 𝒮
𝑘p penalty parameter
𝜆 square root of the stretch ratio, i.e.
√︀
𝜆1/𝜆2
𝜆1, 𝜆2 principal surface stretches of 𝒮
𝑛 surface normal of 𝒮
𝜉𝛼 parametric coordinates; 𝛼 = 1, 2
𝑋 reference position of the manifold
𝑥 current position of the manifold
1. Introduction
The high mechanical strength [1], thermal conductivity [2, 3] and electrical conductivity [4,
5, 6] of graphene have received much interest in recent years. The vibrational properties (i.e.
frequencies and mode shapes) of graphene play an important role in analysis and design of
graphene-based sensors and resonators. There are several studies on the development of new
sensors using graphene-based structures [7, 8]. For example, graphene can be used in oscillators
and electro-mechanical resonators [9, 10, 11].
The effect of pre-stressing on the vibrational properties of graphene have been investigated
by Gupta and Batra [12] and Mustapha [13], while foundation effects have been studied by
Murmu and Pradhan [14], Lee and Chang [15], Lee et al. [16] and Mustapha [13]. Sadeghi
and Naghdabadi [17] use an atomistic method at the temperature of 19.3 K to calculated the
nonlinear frequencies of graphene sheets. The nonlinear vibration of sandwiches with graphene
and piezoelectric layers have been modeled by Li et al. [18]. Favata and Podio-Guidugli [19]
propose an orthotropic shell model for CNTs. Ansari et al. [20] use a non-local shell theory to
include the size-effects in the calculation of the frequencies of single and double walled carbon
nanotubes. Hussain et al. [21] obtain the natural freqencies of single walled carbon nanotubes
by using Donnell thin shell theory. Li et al. [22] used a nonlinear finite element (FE) method
to analyze large deformations and obtain the nonlinear frequencies of graphene membranes
for nanomechanical applications. A linear material model works well for infinitesimal strains.
But, the mechanical properties of graphene vary in large strains. Hence, nonlinear hyperelastic
material models should be used to model the material behavior in large strains [23, 24]. Thermal
vibration of rectangular, circular and annual graphene sheets are studied by Kumar et al. [25],
Wang and Hu [26], Mohammadi et al. [27] and Biswal and Rao [28]. The vibrational properties of
multi-layer circular and rectangular graphene sheets are obtained by Kitipornchai et al. [29] and
Allahyari and Fadaee [30]. Ke et al. [31] has modeled the size-effects on vibrational properties
of rectangular plates. The vibrational properties of a graphene sheet can be calculated by
molecular mechanics [32] and molecular dynamics [33]. Strozzi et al. [34] have calculated the
natural frequencies and mode shapes of CNTs by analytical approaches and validated them by
experimental, atomistic and FE results. Arghavan and Singh [35] have computed the natural
frequencies, mode shapes and force vibration of CNTs.
All mentioned continuum models are limited by linear elastic material behavior. However,
graphene shows nonlinear and anisotropic behavior under large deformations [23]. Kumar and
Parks [23] develop a hyperelastic material model for graphene that is based on three strain
invariants and several unknown material constants. Those constants need to be determined
from appropriate tests. A suitable approach for this are ab-initio calculations. They are more
accurate than molecular dynamics simulations, and they do not have difficulties with applying
homogeneous strain states as is the case in experiments. In addition, atomistic potentials
[36, 37] underestimate elastic modulus [38]. A wide range for the elastic modulus for graphene
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have been reported by Cao [39] that under or overestimate experimental and ab-initio results
[40, 41]. It should be mentioned that Gupta and Batra [12] used the MM3 potential and
obtained a very close results to experimental and ab-initio results, but further investigations
should be considered for large deformations. The nonlinear material model of Ghaffari et al. [24]
is used here to remedy these deficiencies and the consistency of the model with experimental
and ab-initio results is verified analytically. Neglecting the bending stiffness can result in large
frequency errors for low pre-tension and/or small sheets. However, the bending stiffness can be
neglected for a large graphene sheet under significant pre-tension [42, 24].
Isogeometric analysis (IGA) is a new computational technique that connects CAD and FE
analysis [43]. Recently, an isogeometric FE formulation has been developed by Sauer et al. [44]
for the analysis of liquid and solid membranes based on inherent curvilinear coordinates. It has
been extended to anisotropic membranes by Roohbakhshan et al. [45] and rotation-free shells
by Sauer and Duong [46] and Duong et al. [47]. This shell formulation has been applied to
biomaterials and composites by Roohbakhshan and Sauer [48, 49] and to graphene by Ghaffari
et al. [24]. The latter work uses the anisotropic membrane model of Kumar and Parks [23] and
extends it to a shell formulation by including the Canham model [50]. This new model can
simulate the anisotropic behavior of graphene-based structures under large deformation and it
has been used to simulate indentation and peeling of graphene sheets and torsion and bending
of carbon nanotubes (CNT). Thermal fluctuation are not considered in the current study. But
the proposed model does allow for an extension to those. Thermal fluctuations can result
in structural softening, but they can be suppressed with small pre-strains above 1% [51, 52].
Therefore Kumar et al. [53] and Ghaffari et al. [24] obtain similar material properties as the
experimental results of Lee et al. [41] by using a hyperelastic constitutive law that disregards
thermal fluctuations.
This work reports new data of the effect of stretching and contact on the vibrational frequencies.
The major novelties of this work are
∙ The frequencies of square and circular graphene plates, and CNTs are obtained under
nonlinear deformations.
∙ The effects of substrate adhesion on the frequencies of a graphene plate are investigated
and instabilities are found for certain adhesion energies.
∙ The analytical solutions of the natural frequencies are obtained for the Canham bending
model.
∙ The hyperelastic material model is valid under large deformations. So, the limitation of
a linear elastic material model in previous studies is surpassed.
∙ The current formulation can be extended to capture finite size effects, such as those
reported in [54, 55].
The remainder of this paper is organized as follows: In Sec. 2, the hyperelastic material model
of Ghaffari et al. [24] is summarized. Its FE formulation is described in Sec. 3. In Sec. 4,
the proposed numerical formulation is verified with analytical solutions. The nonlinear modal
analysis is benchmarked with several numerical examples. The nonlinear modal analysis is
conducted for a square sheet under pure dilatation and uniaxial stretch, a circular sheet under
pure dilatation, a circular plate under adhesive effects of a substrate and CNTs under axial
compression or stretch. The paper is concluded in Sec. 5.
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Figure 1: Anisotropy of the material: Orthonormal vectors characterize the graphene lattice. ?^? and ?^? are the
armchair and zigzag directions.
2. Material model
Measured strains up to 12.5% [56], 20% [57] and even 25% [41, 58] have been reported. There-
fore, a nonlinear hyperelastic constitutive law for graphene is considered in this work. The
membrane part of the strain energy is based on logarithmic strain and calibrated by density
function theory (DFT) data [23]. It is adapted to a curvilinear formulation by Ghaffari et al.
[24]. The membrane model is extended to a shell formulation by including the Canham bending
strain energy. The required bending parameter is calibrated by quantum mechanics data [24].
An anisotropic functional can be based on an isotropic functional by including structural tensors
[59, 60]. Based on the symmetry group of the graphene lattice and its structural tensor, a set
of invariants can be introduced as [23]
𝒥1 := 𝜖a = ln𝐽 ; 𝐽 := 𝜆1 𝜆2 ,
𝒥2 := 1
4
𝛾2𝑖 =
1
2
𝐸
(0)
dev : 𝐸
(0)
dev = (ln𝜆)
2;𝜆 :=
√︂
𝜆1
𝜆2
; 𝜆1 ≥ 𝜆2 ,
𝒥3 := 1
8
𝛾3𝜃 =
1
8
[︂(︁
?^? : 𝐸
(0)
dev
)︁3 − 3 (︁?^? : 𝐸(0)dev)︁(︁?^? : 𝐸(0)dev)︁2]︂ = (ln𝜆)3 cos(6𝜃) .
(1)
𝒥1 and 𝒥2 capture the isotropic response of the material and 𝒥3 is related to the anisotropic
features. 𝐸
(0)
dev is the deviatoric part of the logarithmic strain. In addition, ?^? and ?^? are
defined as
?^? := ?^?⊗ ?^?− ?^? ⊗ ?^? , (2)
?^? := ?^?⊗ ?^? + ?^? ⊗ ?^? , (3)
where ?^? and ?^? are the two orthonormal vectors (see Fig. 1). 𝜃 is the maximum stretch angle
relative to the armchair direction and defined as
𝜃 = arccos (𝑌 1 · ?^?) , (4)
where 𝑌 1 is the direction of the maximum stretch. The strain energy density per unit area
of the initial configuration is decomposed into the membrane and bending parts 𝑊m and 𝑊b
parts. The membrane part includes the pure dilatation and deviatoric parts 𝑊 dilm and 𝑊
dev
m .
The strain energy density can thus be written as
𝑊 (𝒥1,𝒥2,𝒥3, 𝜅1, 𝜅2) =𝑊 dilm (𝒥1) +𝑊 devm (𝒥2, 𝒥3;𝒥1) +𝑊b(𝜅1, 𝜅2) . (5)
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?^? 𝜀 [N/m] 𝜇0 [N/m] 𝜇1 [N/m] 𝛽 𝜂0 [N/m] 𝜂1 [N/m]
GGA 1.53 93.84 172.18 27.03 5.16 94.65 4393.26
LDA 1.38 116.43 164.17 17.31 6.22 86.9a 3611.5a
Table 1: Material constants of graphene [23]. a See correction of Kumar and Parks [61]. (Kumar and Parks [23]
contains errors)
FGBP SGBP QM
𝑐 [nN·nm] 0.133 0.225 0.238
Table 2: Bending stiffness according to various atomistic models [40, 62]. FGBP = first generation Brenner
potential; SGBP = second generation Brenner potential; QM = quantum mechanics.
These terms are defined as
𝑊 dilm := 𝜀
[︀
1− (1 + ?^? 𝜖a) exp(−?^? 𝜖a)
]︀
,
𝑊 devm := 2𝜇(𝜖a)𝒥2 + 𝜂(𝜖a)𝒥3 ,
(6)
𝑊b := 𝐽
𝑐
2
(︀
𝜅21 + 𝜅
2
2
)︀
. (7)
where 𝜇 and 𝜂 are defined as
𝜇(𝜖a) := 𝜇0 − 𝜇1 𝑒𝛽 𝜖a ,
𝜂(𝜖a) := 𝜂0 − 𝜂1 𝜖2a .
(8)
The material constants 𝜀, ?^?, 𝜇0, 𝜇1, 𝛽, 𝜂0, 𝜂1 and 𝑐 are defined in Tabs. 1 and 2. The parame-
ters in Tab. 1 are computed from local density approximation (LDA) and generalized gradient
approximation (GGA). In Tab. 2, FGBP and SGBP indicate the first and second generation
Brenner potential respectively, while QM indicates quantum mechanics.
The first derivative of the strain energy density, relative to the metric and bending tensors,
gives the co-variant components of the Kirchhoff and moment tensor as
𝜏𝛼𝛽 = 2
𝜕𝑊
𝜕𝑎𝛼𝛽
, (9)
𝑀𝛼𝛽0 =
𝜕𝑊
𝜕𝑏𝛼𝛽
. (10)
𝜏𝛼𝛽 and 𝑀𝛼𝛽0 are given in Ghaffari et al. [24] and Sauer and Duong [46].
3. Finite element formulation
In this section, the nonlinear modal analysis based on the FE method is presented. Based on
the Galerkin method, the weak form of the equations of motion is obtained by using principle
of virtual work [63]. The standard linearization is utilized and discretization is conducted based
on NURBS shape functions [46]. Using the Kirchhoff-Love shell theory, the equations of motion
for a two-dimensional (2D) manifold can be written as
𝑇 𝛼;𝛼 + 𝑓 = 𝜌 ?˙? ∀ 𝑥 ∈ 𝒮 , (11)
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where 𝑓 , ?˙? and 𝜌 are body force, acceleration and mass density, respectively. 𝑇 𝛼 is defined
based on the Cauchy stress tensor 𝜎 as
𝑇 𝛼 := 𝜎T · 𝑎𝛼 = 𝑁𝛼𝛽 𝑎𝛽 + 𝑆𝛼𝑛 , (12)
where 𝜎 is defined as
𝜎 := 𝑁𝛼𝛽 𝑎𝛼 ⊗ 𝑎𝛽 + 𝑆𝛼 𝑎𝛼 ⊗ 𝑛 , (13)
where
𝑁𝛼𝛽 = 𝜎𝛼𝛽 + 𝑏𝛼𝛾 𝑀
𝛾𝛽 , (14)
𝑆𝛼 = −𝑀𝛽𝛼;𝛽 , (15)
and 𝑏𝛼𝛾 = 𝑎
𝛼𝜂 𝑏𝜂 𝛾 , 𝜎
𝛼𝛽 = 𝜏𝛼𝛽/𝐽 and 𝑀𝛼𝛽 = 𝑀𝛼𝛽0 /𝐽 . The mixed in-plane components of 𝜎
are defined as
𝑁𝛼𝛽 := 𝑁
𝛼𝛾 𝑎𝛾𝛽 . (16)
The discretized weak form can be written as
Mu¨+ fint = fext , (17)
where M is the mass matrix and fint and fext are the internal and external force vectors. Using
Taylor expansion around u^ such that u = u^+ du , the linearized relation can be written as
Mdu¨+Kdu = −(fint +M ¨^u− fext) , (18)
where K := 𝜕(fint − fext)/𝜕u is the stiffness matrix. K includes the material and initial stress
(geometric) stiffness matrices. The mass and stiffness matrices are given in Appendix B. The
detailed derivation of the mass and stiffness matrices and a efficient formulation for their nu-
merical implementation can be found in Sauer and Duong [46] and Duong et al. [47].
Graphene has a single atom thickness and its frequencies change severely under external loads.
If the structure is excited by a dynamic load which has the same frequency and mode shape as
the specimen, the structure may be unstable and fail. The vibrational properties of structures
can be manipulated to avoid instabilities due to resonance. A pre-stretch can be used to change
the natural frequencies and shift them away from the frequency of the applied external loads.
The influence of damping on the vibrational properties of graphene-based resonators is impor-
tant and should be considered to improve the modeling of these sensors. Experimental results
suggest a nonlinear damping formulation for graphene-based the sensors [64, 65]. In addition,
sensors can be used to measure the mass of a nano particle based on the vibrational properties of
sensors [10]. The vibrational properties of these sensors can be tuned by specific pre-stretching
to increase sensor precision for a suitable ranges of mass. Furthermore, the substrate influence
on the vibrational properties of the graphene sheet should be modeled for an accurate design
to reduce the cost calibration.
Eq. (18) is linearized to obtained K and calculate the frequencies [66]. In modal analysis, it is
assumed that structures have a periodic response that can be defined as
du := du¯ 𝑒−𝑖𝜔𝑡 , (19)
where u¯ are 𝜔 are the mode shape and frequency of the structure. So, the generalized eigenvalue
problem of the nonlinear system can be written as
Kdu¯ = 𝜔2M du¯ . (20)
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𝑓(3,1) = 0.35136 𝑓(3,2) = 0.45677 𝑓(3,3) = 0.59732
𝑓(2,1) = 0.17568 𝑓(2,2) = 0.28109 𝑓(2,3) = 0.45677
𝑓(1,1) = 0.07027 𝑓(1,2) = 0.17568 𝑓(1,3) = 0.35136
Figure 2: Vibrating square plate under zero pre-load: First 9 mode shapes and natural frequencies 𝑓(𝑚,𝑛) =
?^?(𝑚,𝑛)/2𝜋 in [THz], ?^?(𝑚,𝑛) = 𝜔(𝑚,𝑛)
⃒⃒
𝐸(0)=0
. 𝑚 and 𝑛 are the number of half waves in the mode shapes along ?^?
and ?^? directions. The boundary is simply supported.
4. Numerical examples
In this section, three numerical examples are shown: a square plate, a circular plate and a carbon
nanotube. For the first two examples the FE formulation is verified in the linear elastic regime
by comparison with analytical solutions. The analytical solution for the natural frequencies4
and mode shapes are provided in Appendix A. The load cases of pure dilatation, uniaxial stretch
and interaction with an adhesive substrate are considered. The investigation is considered up
to the instability point. The elasticity tensor loses its ellipticity [23] at the instability point and
the frequencies of the membrane mode shapes become zero.
4.1. Vibrating square plates
First, a linear modal analysis is conducted for a simply supported square plate under zero pre-
load, and the mode shapes and natural frequencies are obtained. The mode shapes, natural
frequencies and numbering of modes of the unloaded system are illustrated in Fig. 2. A conver-
gence study for mesh refinement is conducted and reported in Fig. 3. As seen, the discretization
error does not decrease beyond a certain refinement, since the condition number of the stiffness
matrix becomes too large for an accurate solution of the problem. For the following simulation
results a FE mesh with 80×80 quadratic NURBS elements is considered to ensure convergence.
Second, the modal analysis of a square plate under nonlinear pure dilatation and uniaxial stretch
is investigated. An isotropic square plate has repeated frequencies under pure dilatation. Under
pure dilatation, the material response is isotropic, the frequencies are increasing monotonically
and the order of modes does not change, see Fig. 4a. Fig. 4b shows a comparison of the results
with the analytical solution of Eq. (A.13). The comparison shows agreement for zero pre-stretch
4The natural frequencies are the frequencies in the linear elastic regime without pre-deformation or pre-
loading. The natural frequencies are indicated by “?^?”.
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Figure 3: Vibrating square plate under zero pre-load: Relative error of the natural frequencies ?^?(𝑚,𝑛) =
𝜔(𝑚,𝑛)
⃒⃒
𝐸(0)=0
vs. mesh refinement. The analytical solution of (A.12) is used as reference. 𝑚 and 𝑛 are de-
fined in Fig. 2. The boundary is simply supported.
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Figure 4: Vibrating square plate under pure dilatation: (a) Variation of the frequencies and (b) difference of the
numerical results and the analytical solution of Eq. (A.13) in dependence of the surface stretch 𝐽 . The plate has
an edge length of 5 nm. 𝑚 and 𝑛 in 𝜔(𝑚,𝑛) are defined in Fig. 2. The results are normalized by ?^?(1,1) = 𝜔(1,1)
⃒⃒
𝐽=1
(the first natural frequency). The boundary is simply supported.
(𝐽 = 1). As 𝐽 increases, differences show up due to the infinitesimal strain approximation used
in the analytical solution. The material has an anisotropic response under uniaxial loading. The
frequencies increase faster if the specimen is stretched along the zigzag direction rather than in
other directions. In uniaxial stretch, the repeated frequencies become distinct and the order of
modes can change during loading, e.g. 𝜔(1,3) is larger than 𝜔(2,1) in the unstretched structure,
but beyond a certain stretch the frequencies reorder and 𝜔(2,1) become larger than 𝜔(1,3) (see
Fig. 5a). In both cases, the frequencies increase up to a maximum, and the model becomes
unstable if it is deformed further due to a loss of ellipticity of the elasticity tensor (e.g. vanishing
shear modulus for pure dilatation). The strain for vanishing shear modulus (𝜇(𝜀𝑎) = 0) can be
analytically obtained as 𝜀𝑎 = 1/𝛽 ln(𝜇0/𝜇1). It should be mentioned that the classical formula
for the stress-dependent frequencies [67] cannot capture the behavior correctly since it assume
linear material behavior and thus predicts a linear frequency increase with the stretch, which is
very different from the nonlinear behavior seen in Figs. 4a and 5.
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Figure 5: Vibrating square plate under uniaxial stretch: (a) Frequencies 1 to 6; (b) frequencies 7 to 10. 𝑚
and 𝑛 in 𝜔(𝑚,𝑛) are defined in Fig. 2. The edge length of the plate is 5 nm. The results are normalized by
?^?(1,1) = 𝜔(1,1)
⃒⃒
𝜆1=1
(the first natural frequency). The plate is either stretched along the armchair or zigzag
directions. The boundary is simply supported.
4.2. Vibrating circular plates
Like for the square plate, the linear modal analysis is conducted for circular plates. First, the
behavior for zero pre-load is investigated. The resulting mode shapes, natural frequencies and
the numbering of modes are illustrated in Figs. 6 and 7 for simply supported and clamped plates,
respectively. A convergence study for mesh refinement is conducted and reported in Fig. 8.
Due to ill-conditioning, the discretization error does not decrease beyond a certain refinement
level. This is similar to the behavior of the square plate. For the following simulation results a
FE mesh with 80× 80 quadratic NURBS elements is considered to ensure convergence.
Second, the vibrational behavior of a circular graphene plate under pure dilatation loading
is investigated. In Fig. 9, the variation of the frequencies under pure dilatational loading is
presented. As shown, the frequencies increase monotonically with 𝐽 . The structure will become
unstable if the loading is increased to far. Like for the square plate, the frequency dependency
on deformation is nonlinear and cannot be captured correctly by analytical formulas based on
linear elasticity.
Finally, a circular graphene plate in contact with an adhesive substrate is investigated. Locally,
the substrate is modeled as a half space at each contact point and the atomic interaction is
modeled via the Lennard Jones (L-J) potential. The half space potential can be written as
Ψ(VdW)h = −Γ
[︃
3
2
(︂
ℎ0
𝑟
)︂3
− 1
2
(︂
ℎ0
𝑟
)︂9]︃
, (21)
where ℎ0, Γ and 𝑟 are the equilibrium distance, the interfacial adhesion energy per unit area
and the normal distance of a surface point to the substrate. The derivation of the half space
potential, contact force and stiffness can be found in Sauer and Li [68], Sauer and Wriggers
[69] and Aitken and Huang [70]. In Fig. 10, the boundary conditions, the variation of the
frequencies with increasing adhesion energy, and the first mode shape are shown. The locations
with sudden frequency changes (indicated by dashed lines in Fig. 10b) are local instabilities
where the frequency suddenly drops to zero and quickly recovers again, as the enlargement
in Fig. 11b shows. A similar issue has been reported for loading of graphene on an adhesive
substrate by Kumar et al. [53]. For these adhesion energies, the graphene surface can come
very close to the substrate leading to negative eigenvalues of the contact stiffness matrix so that
9
𝑓(0,1) = 0.10453 𝑓(1,1) = 0.17136 𝑓(2,1) = 0.248427 𝑓(3,1) = 0.27008
𝑓(0,0) = 0.01581 𝑓(1,0) = 0.04806 𝑓(2,0) = 0.08987 𝑓(3,0) = 0.14099
Figure 6: Vibrating circular plate at zero pre-load (simply supported boundary): First 8 mode shapes and natural
frequencies 𝑓(𝑚,𝑛) = ?^?(𝑚,𝑛)/2𝜋 in [THz], ?^?(𝑚,𝑛) = 𝜔(𝑚,𝑛)
⃒⃒
𝐸(0)=0
. 𝑚 and 𝑛 are the number of nodal diameters
and circles, respectively. A nodal line is a line of material points of the plate (excluding boundaries) that do not
displace during vibration.
𝑓(0,1) = 0.14158 𝑓(1,1) = 0.21655 𝑓(2,1) = 0.30112 𝑓(3,1) = 0.323038
𝑓(0,0) = 0.03636 𝑓(1,0) = 0.07568 𝑓(2,0) = 0.12416 𝑓(3,0) = 0.18167
Figure 7: Vibrating circular plate at zero pre-load (clamped boundary): First 8 mode shapes and natural
frequencies 𝑓(𝑚,𝑛) = ?^?(𝑚,𝑛)/2𝜋 in [THz], ?^?(𝑚,𝑛) = 𝜔(𝑚,𝑛)
⃒⃒
𝐸(0)=0
. 𝑚 and 𝑛 are the number of nodal diameters
and circles, respectively. A nodal line is a line of material points of the plate (excluding boundaries) that do not
displace during vibration.
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Figure 8: Vibrating circular plate under zero pre-load: Relative error of the natural frequencies for (a) simply
supported boundary; (b) clamped boundary. The analytical solutions of (A.19) and (A.24) are used as reference.
𝑚 and 𝑛 in ?^?(𝑚,𝑛) = 𝜔(𝑚,𝑛)
⃒⃒
𝐸(0)=0
are defined in Figs. 6 and 7. The rotational dofs are fixed along the boundary
by means of a penalty term using different penalty parameters 𝑘p, see Duong et al. [47] for details.
the eigenvalues of the total problem become very small. A large change in the frequencies and
deformation can be seen at those frequencies. The softening effect of the stiffness results in the
local mode shapes that are shown in Fig. 11.
4.3. Vibrating carbon nanotubes
In this section, modal analysis of CNTs is conducted to calculate the frequencies of CNTs. The
model is verified in a linear regime and then the simulation is extended to the nonlinear regime.
For the following simulation results a FE mesh with 160 × 160 quadratic NURBS elements is
considered to ensure convergence.
First, a linear modal analysis with free boundaries is conducted and the FE formulation is
verified. The radial breathing modes can be easily computed in different numerical and exper-
imental methods. In this mode, the radius of the CNT increases and there are no tangential
displacements. The radial breathing mode should not be confused with the first torsion mode
(see Fig. 12). The natural radial breathing modes of different CNTs for the proposed model are
compared with other finite element, molecular dynamics, molecular mechanics, ab-initio and
experimental results from the literature (Tab. 3). The quantum and experimental results of
the radial breathing mode have been obtained by either using a periodic boundary condition
in the axial direction or by considering very long CNTs, respectively. In Tab. 3, it has been
confirmed that the radial breathing mode is converging when increasing the aspect ratio, so
the proposed continuum results can be compared with atomistic and experimental results. The
new results are in a good agreement with those. The frequencies from the proposed model are
higher than other numerical results, but lower than (and thus closer to) experimental results.
The first radial mode has a frequency that is several times larger than the first torsion mode in
the current example.
Second, the influence of uniaxial stretch on the frequencies of CNTs is investigated. The CNTs
are simply supported (Fig. 13) and stretched in the axial direction. The mode shapes, natural
frequencies and their naming are shown in Fig. 14 for zero axial pre-tension. Figure 15 shows
that the frequency of the torsion and shell modes are monotonically decreasing and increasing
with stretch, respectively. In contrast, the bending beam frequencies first increase and then
decrease under further stretching. The frequencies of the higher shell modes increase more
11
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Figure 9: Vibrating circular plate under pure dilatation: Variation of the bending frequencies with the surface
stretch 𝐽 for (a) simply supported boundary; (b) clamped boundary. 𝑚 and 𝑛 in 𝜔(𝑚,𝑛) are defined in Figs. 6
and 7. The radius of the disk is 5 nm and the results are normalized by ?^?(0,0) = 𝜔(0,0)
⃒⃒
𝐽=1
(the first natural
frequency).
than the lower shell modes, and the frequencies of the bending beam modes are changing with
a similar factor for all CNTs. CNT(10,10) is stretched in the zigzag direction, which is the
strongest direction, while CNT(17,0) and CNT(14,7) are stretched in other directions that are
weaker than the armchair direction. So the torsion modes of CNT(17,0) and CNT(14,7) show
a rapid decrease beyond 𝜆1 = 1.142, but the decrease is more slowly for CNT(10,10). A similar
behavior should be seen for CNT(10,10), if it could be stretched further. The CNTs will become
unstable if there are stretched further.
CNT(𝑛,𝑚) AR PM [71] (MD, FE) [72] (MM) [73] (FP) [74] (Exp)
CNT(10,10) 5.669 5.14269 NA 5.02583 NA NA
CNT(10,10) 10 5.13660 NA 5.01628 NA NA
CNT(10,10) 15 5.13513 5.01783, 4.96518 NA NA NA
CNT(10,10) ∞ 5.13427 5.01783, 4.96518 NA 5.06649 5.30632
CNT(20,20) 5.669 2.57346 NA 2.51630 NA NA
CNT(25,10) 5.669 2.85468 NA 2.79265 NA NA
CNT(30,0) 5.669 2.47617 NA 2.42334 NA NA
CNT(43,0) 6.052 2.07282 NA 2.02818 NA NA
Table 3: Vibrating CNT with free boundary: The natural radial breathing frequencies [THz] according to various
studies. The speed of light is taken as 2.9979 × 108 m/s. AR = aspect ratio; PM = proposed model; MD =
molecular dynamics; FE = three-dimensional finite elements; MM= molecular mechanics; FP = first principles;
Exp = experimental; NA = not available.
Finally, the buckling of CNTs under compressive axial strains is investigated. CNTs buckle in
bending beam or shell modes depending on their aspect ratio. The frequencies of the first and
second bending beam mode become zero at 2.7% and 5.4% strain for CNT(7,0) with aspect
ratio 15, indicating buckling (Fig. 16). Gupta et al. [75] obtain axial buckling strains of 2.2%
and 4.3% for the same aspect ratio, which are lower than the current results. The frequencies of
modes SH1, SH2, SH3, BB1 become zero at 7.14%, 7.56%, 7.8% and 8.58% strain for CNT(7.7)
with aspect ratio 6.4. Yakobson et al. [76] and Gupta et al. [75] obtain the buckling strains 5%
and 9.12% for the shell and bending beam modes for the same CNT.
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Figure 10: Vibrating circular plate on an adhesive substrate: (a) Illustration of the boundary conditions; (b)
variation of the frequencies with the adhesion strength Γ; (c) first mode shape 𝜔(1,1); (d) cut of (c). 𝑚 and 𝑛 in
𝜔(𝑚,𝑛) are defined in Fig. 6. The radii of the cavity 𝑅1 and the fillet 𝑅2 are 450 nm and 50 nm. The results are
normalized by ?^?(0,0) = 𝜔(0,0)
⃒⃒
Γ=0
(the first natural frequency). Instability points are indicated by dashed vertical
lines.
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Figure 11: Vibrating circular plate on an adhesive substrate: (a) Local mode near the instability point Γ =
0.08834 N/m; (b) enlargement of (10b) for 𝜔(1,0).
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a b
Figure 12: Vibrating CNT with free boundary: Mode shapes: (a) Torsion mode 1 (TM1) occurring at 0.41545
THz, (b) radial breathing mode 1 (RB1) occurring at 5.13513 THz. The figures are colored by the norm of the
eigenvectors.
Figure 13: Vibrating CNT: Boundary conditions and finite element mesh.
a b c
d e f
𝑓SH1 = 0.54099 𝑓SH2 = 0.62517 𝑓SH3 = 0.79007
𝑓BB1 = 0.29501 𝑓BB2 = 0.67548 𝑓TM1 = 0.68989
Figure 14: Vibrating CNT at zero pre-tension: Mode shapes and natural frequencies 𝑓(𝑚,𝑛) = ?^?(𝑚,𝑛)/2𝜋 in [THz]:
(a) Bending beam mode 1 (BB1), (b) bending beam mode 2 (BB2), (c) torsion mode 1 (TM1), (d) shell mode
1 (SH1), (e) shell mode 2 (SH2) and (f) shell mode 3 (SH3). CNT(10,10) with a length of 10 nm and simply
supported boundary is used, where 𝑚 and 𝑛 in CNT(𝑛,𝑚) are the chirality parameters. The figures are colored
by the norm of the eigenvectors.
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Figure 15: Vibrating CNTs under axial tension: Variation of the frequencies versus stretch 𝜆1. (a) CNT(10,10),
(b) CNT(17,0), (c) CNT(14,7). An aspect ratio of 7.3746 is used. BB, SH and TM stand for bending beam, shell
and torsion modes. The boundary is simply supported.
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Figure 16: Vibrating CNTs under axial compression: Variation of the frequencies versus the axial strain for (a)
CNT(7,0) with AR=15, (b) CNT(7,7) with AR=6.4. AR= aspect ratio. AM1= axial mode 1, BB4= bending
beam mode 4 (see Fig. 14) for other mode shapes. The boundary is simply supported. Zero frequencies indicate
buckling.
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5. Conclusions
The nonlinear vibrational properties of graphene-based structures are determined with a new
rotation-free shell formulation based on isogeometric finite elements. A hyperelastic material
model is used to describe graphene-based structures under large deformations, accounting for
nonlinear compressing, stretching and bending. The frequencies are affected strongly by those
nonlinearities. Additionally, the nonlinearities of substrate interaction have a strong effect
on the frequencies. A calculation based on linear elasticity can underestimate the frequencies,
whereas the proposed nonlinear material model avoids this problem. It is therefore important to
include the effects of pre-stretch or substrate adhesion in the modal analysis. The results of the
current research can be used in the detailed design of graphene-based devices such as MEMS
and NEMS. These calculations are essential to control resonance and stability. The modal
analysis for square and circular plates under pure dilatation, uniaxial stretch, and substrate
adhesion is conducted. The natural frequencies are verified with the analytical solutions for
zero pre-load. The natural radial breathing mode of a CNT is compared with results from
the literature and there is good agreement. The variation of CNT frequencies with uniaxial
stretch and compression is obtained and the influence of chirality is investigated. The strains
where the frequencies vanish correspond to the strain of various buckling modes. Further,
the influence of chirality on the variation of the frequencies is studied. In the present study
the nonlinearities due to large initial deformations, contact and constitution are considered.
Another source of nonlinearity is tension modulation [77, 78]. Tension modulation describes
tension that is constant in space, but varies in the time. The proposed model can be applied
to many other graphene-based structures. An interesting example are the vibration of carbon
nanocones [79, 80]. They can be studied in future work based the present finite element model.
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Appendix A. Analytical solution of natural frequencies
The natural frequencies for simply supported square and clamped/simply supported circular
plates are analytically obtained for the Canham bending energy model. Here, it is shown that
the shell theories based on the classical Koiter bending energy model [81, 82, 83] and Canham
bending energy have the same differential equation but they have two different characteristic
equations for a simply supported circular plate. This is due to the moment boundary conditions
and Poisson’s ratio. The characteristic equations, which are obtained from the Koiter and
Canham models, are identical for circular clamped plates. In addition, they are identical for
square simply supported plates. In this section, first the mass density of graphene is calculated.
Then, the characteristic equations for the different geometries and boundary conditions are
derived. These solutions are used in the verification of the numerical method.
A.1. Graphene density
A hexagonal Representative Area Element (RAE) is selected to compute the mass density (Fig. A.17).
The area of the RAE can be computed as
𝐴RAE =
3
√
3
2
𝑎2 , (A.1)
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Figure A.17: Representative area element (RAE) for the computation of the mass density.
where 𝑎 is the length of the carbon-carbon bond. In addition, each carbon atom is shared
among three RAEs and so there are 6× 13 = 2 full atoms per the RAE. Finally, the mass density
in the reference configuration is computed as
𝜌0 =
2𝑚
𝐴RAE
= 0.76106× 10−6 kg
m2
, (A.2)
where 𝑚 is the mass of a carbon atom and 𝜌0 can be connected to the surface density in the
current configuration via the area stretch 𝐽 as
𝜌0 = 𝐽 𝜌 . (A.3)
A.2. Equilibrium Equation
In this section, the plate equilibrium equation is derived for the Canham bending model [50, 84]
in Cartesian coordinates. Then, it is transformed to operator form to be used in a cylindrical
coordinate.
The Canham bending energy density per current area can be written as
𝑤b = 𝑐
(︀
2𝐻2 − 𝜅)︀ , (A.4)
where 𝐻 and 𝜅 are the mean and Gaussian curvatures and 𝑐 is the bending modulus. If the
strains are assumed to be infinitesimal and the shell is flat in the reference configuration, the
bending deflection can be described by 𝑧(𝑥, 𝑦) and the bending strain energy density becomes
𝑊b = 𝑐
[︂
1
2
(︀
𝜅2𝑥𝑥 + 𝜅
2
𝑦𝑦
)︀
+ 𝜅2𝑥𝑦
]︂
, (A.5)
where the Cartesian components of the curvature are
𝜅𝑥𝑥 := 𝑧,𝑥𝑥 ,
𝜅𝑦𝑦 := 𝑧,𝑦𝑦 ,
𝜅𝑥𝑦 := 𝑧,𝑥𝑦 ,
(A.6)
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where ,𝑥 and ,𝑦 denote partial differentiation w.r.t. 𝑥 and 𝑦. The Cartesian components of the
bending moment are
𝑀𝑥𝑥 = −𝜕𝑊b
𝜕𝜅𝑥𝑥
= −𝑐 𝜅𝑥𝑥 ,
𝑀𝑦𝑦 = −𝜕𝑊b
𝜕𝜅𝑦𝑦
= −𝑐 𝜅𝑦𝑦 ,
𝑀𝑥𝑦 = −𝜕𝑊b
𝜕𝜅𝑥𝑦
= −𝑐 𝜅𝑥𝑦 .
(A.7)
The final equilibrium equation takes the well-known form [67]
∇4(𝑤) + 𝜌
𝑐
𝑤,𝑡𝑡 =
𝑝
𝑐
.
(A.8)
A.3. Rectangular plate: simply supported
The boundary conditions for a simply supported rectangular plate are
𝑤 = 0; 𝑀𝑥𝑥 = −𝑐𝜕
2𝑤
𝜕𝑥2
= 0 at 𝑥 = ±𝑎 ,
𝑤 = 0; 𝑀𝑦𝑦 = −𝑐𝜕
2𝑤
𝜕𝑦2
= 0 at 𝑦 = ±𝑏 .
(A.9)
where 𝑎 and 𝑏 are the half length and half width of the plate. The solution of Eq. (A.8) can be
decomposed into the harmonic time independent and time dependent parts as
𝑤(𝑥, 𝑦, 𝑡) =𝑊 (𝑥, 𝑦) 𝑒−𝑖?^?𝑡 . (A.10)
The final solution is [81, 67]
𝑤(𝑥, 𝑦, 𝑡) =
∞∑︁
𝑚,𝑛=1
𝐴(𝑚,𝑛) sin
(︁𝑚𝜋𝑥
𝑎
)︁
sin
(︁𝑛𝜋𝑦
𝑏
)︁
𝑒−𝑖?^?(𝑚,𝑛)𝑡 , (A.11)
where 𝐴(𝑚,𝑛) can be calculated by Fourier transformation and ?^?(𝑚,𝑛) are the natural vibration
frequencies given by
?^?(𝑚,𝑛) = 𝜋
2
(︂
𝑚2
𝑎2
+
𝑛2
𝑏2
)︂ √︂
𝑐
𝜌
; with 𝑚,𝑛 = 1, 2, 3, ... . (A.12)
Including the effect of in-plane stresses gives
𝜔2(𝑚,𝑛) = ?^?
2
(𝑚,𝑛) +
1
𝜌
[︂
𝑁𝑥
(︁𝜋𝑚
𝑎
)︁2
+𝑁𝑦
(︁𝜋 𝑛
𝑏
)︁2]︂
, (A.13)
where 𝑁𝑥 and 𝑁𝑦 are the normal stress components along the 𝑥 and 𝑦 directions [81]. For the
material model of Kumar and Parks [23] under pure dilatation, 𝑁𝑥 and 𝑁𝑦 can be written as
𝑁𝑥 = 𝑁𝑦 = 𝜀 ?^?
2 ln(𝐽) 𝑒−(1+?^?) ln(𝐽) . (A.14)
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A.4. Circular plate
In this subsection, the characteristic equations of circular plates with clamped and simply
supported boundary conditions are obtained.
A.4.1. Circular clamped
The boundary conditions of a clamped circular plate are
𝑤 = 0; 𝑤,𝑟 = 0 at 𝑟 = 𝑎 ,
𝑤 & 𝑤,𝑟 → finite at 𝑟 = 0 ,
(A.15)
where 𝑎 is the radius of the plate. The solution of Eq. (A.8) can be decomposed as
𝑤(𝑟, 𝜙, 𝑡) = 𝑅(𝑟)𝑒𝑖𝑚𝜙𝑒−𝑖?^?𝑡 . (A.16)
The final solution is [81, 67]
𝑤(𝑟, 𝜙, 𝑡) =
∞∑︁
𝑚,𝑛=0
[︀
𝐷(𝑚,𝑛) cos(𝑚𝜙) + 𝐸(𝑚,𝑛) sin(𝑚𝜙)
]︀
𝑅(𝑚,𝑛)(𝑟) 𝑒
−𝑖?^?(𝑚,𝑛)𝑡 , (A.17)
where 𝑅(𝑚,𝑛) and ?^?(𝑚,𝑛) are
𝑅(𝑚,𝑛) = 𝐼𝑚
(︀
𝛾(𝑚,𝑛)
)︀
𝐽𝑚
(︁𝛾(𝑚,𝑛)𝑟
𝑎
)︁
− 𝐽𝑚
(︀
𝛾(𝑚,𝑛)
)︀
𝐼𝑚
(︁𝛾(𝑚,𝑛)𝑟
𝑎
)︁
, (A.18)
?^?(𝑚,𝑛) =
𝛾2(𝑚,𝑛)
𝑎2
√︂
𝑐
𝜌
, (A.19)
where 𝐽𝑚 and 𝐼𝑚 are the Bessel and modified Bessel functions of the first kind of order m.
Furthermore, 𝛾(𝑚,𝑛) are the solution of
𝐽𝑚+1(𝛾)
𝐽𝑚(𝛾)
+
𝐼𝑚+1(𝛾)
𝐼𝑚(𝛾)
= 0; with 𝑚 = 0, 1, 2, 3, ... . (A.20)
𝐷(𝑚,𝑛) and 𝐸(𝑚,𝑛) can be computed by Fourier transformation.
A.4.2. Circular simply supported
The boundary conditions of a simply supported circular plate are
𝑤 = 0; & 𝑀𝑟𝑟 = −𝑐𝑤,𝑟𝑟 = 0 at 𝑟 = 𝑎 ,
𝑤 & 𝑤,𝑟 → finite at 𝑟 = 0 ,
(A.21)
where 𝑎 is the radius of the plate. The final solution is [81, 67]
𝑤(𝑟, 𝜙, 𝑡) =
∞∑︁
𝑚,𝑛=0
[︀
𝐷(𝑚,𝑛) cos(𝑚𝜙) + 𝐸(𝑚,𝑛) sin(𝑚𝜙)
]︀
𝑅(𝑚,𝑛)(𝑟) 𝑒
−𝑖?^?(𝑚,𝑛)𝑡 , (A.22)
where 𝑅(𝑚,𝑛) and ?^?(𝑚,𝑛) are
𝑅(𝑚,𝑛) = 𝐼𝑚
(︀
𝛾(𝑚,𝑛)
)︀
𝐽𝑚
(︁𝛾(𝑚,𝑛)𝑟
𝑎
)︁
− 𝐽𝑚
(︀
𝛾(𝑚,𝑛)
)︀
𝐼𝑚
(︁𝛾(𝑚,𝑛)𝑟
𝑎
)︁
, (A.23)
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?^?(𝑚,𝑛) =
𝛾2(𝑚,𝑛)
𝑎2
√︂
𝑐
𝜌
, (A.24)
where 𝛾(𝑚,𝑛) are solution of
𝐽𝑚+1(𝛾)
𝐽𝑚(𝛾)
+
𝐼𝑚+1(𝛾)
𝐼𝑚(𝛾)
= 2𝛾; with 𝑚 = 0, 1, 2, 3, ... . (A.25)
This relation is different from the one which can be obtained for the Koiter shell theory [81].
Appendix B. Stiffness and mass matrix
In this section, the finite element mass and stiffness matrices are given. They are defined based
on NURBS shape functions 𝑁𝑖 and their parametric “,” and covariant “;” derivatives. The
matrix form of NURBS shape functions and their derivatives can be written as [47]
N = [𝑁1 1, 𝑁2 1, ..., 𝑁𝑛𝑒 1] ,
N,𝛼 = [𝑁1,𝛼 1, 𝑁2,𝛼 1, ..., 𝑁𝑛𝑒,𝛼 1] ,
N,𝛼𝛽 = [𝑁1,𝛼𝛽 1, 𝑁2,𝛼𝛽 1, ..., 𝑁𝑛𝑒,𝛼𝛽 1] ,
N˜;𝛼𝛽 = N,𝛼𝛽 − Γ𝛾𝛼𝛽N,𝛾 ,
(B.1)
where 𝑛𝑒 is the number of control points per element. The mass matrix is independent of the
deformation and can therefore be precomputed at the beginning of the simulation. It is
M =
∫︁
𝒮0
𝜌0N
𝑇 Nd𝐴 . (B.2)
The stiffness matrix can be written as
K = kmat + kgeo + kc + kp . (B.3)
The material stiffness matrix kmat can be written as
kmat = k𝜏𝜏 + k𝜏𝑀 + k𝑀𝜏 + k𝑀𝑀 , (B.4)
with
k𝜏𝜏 :=
∫︁
𝒮0
𝑐𝛼𝛽𝛾𝛿NT,𝛼 (𝑎𝛽 ⊗ 𝑎𝛾)N,𝛿 d𝐴 ,
k𝜏𝑀 :=
∫︁
𝒮0
𝑑𝛼𝛽𝛾𝛿NT,𝛼 (𝑎𝛽 ⊗ 𝑛) N˜;𝛾𝛿 d𝐴 ,
k𝑀𝜏 :=
∫︁
𝒮0
𝑒𝛼𝛽𝛾𝛿 N˜T;𝛼𝛽 (𝑛⊗ 𝑎𝛾)N,𝛿 d𝐴 ,
k𝑀𝑀 :=
∫︁
𝒮0
𝑓𝛼𝛽𝛾𝛿 N˜T;𝛼𝛽 (𝑛⊗ 𝑛) N˜;𝛾𝛿 d𝐴 .
(B.5)
Furthermore, the geometrical stiffness matrix kgeo is defined as
kgeo := k𝜏 + k𝑀 , (B.6)
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with
k𝜏 :=
∫︁
𝒮0
N,𝛼 𝜏
𝛼𝛽N,𝛽 d𝐴 , (B.7)
k𝑀 := k𝑀1 + k𝑀2 + k
T
𝑀2 , (B.8)
with
k𝑀1 := −
∫︁
𝒮0
𝑏𝛼𝛽𝑀
𝛼𝛽
0 𝑎
𝛾𝛿NT,𝛾 (𝑛⊗ 𝑛)N,𝛿 d𝐴 ,
k𝑀2 := −
∫︁
𝒮0
𝑀𝛼𝛽0 N
T
,𝛾 (𝑛⊗ 𝑎𝛾) N˜;𝛼𝛽 d𝐴 .
(B.9)
The elasticity tensors of 𝑐𝛼𝛽𝛾𝛿 , 𝑑𝛼𝛽𝛾𝛿 , 𝑒𝛼𝛽𝛾𝛿 and 𝑓𝛼𝛽𝛾𝛿 are given in Ghaffari et al. [24] for
graphene based on the definition in Sauer and Duong [46]. The contact stiffness matrix kc is
given in Ghaffari et al. [24]. Clamped boundary conditions are applied with a penalty parameter
and its stiffness matrix kp is given in Duong et al. [47].
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